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INEQUALITIES FOR THE ERGODIC MAXIMAL FUNCTION
AND CONVERGENCE OF THE AVERAGES
IN WEIGHTED L’-SPACES!

F. J. MARTIN - REYES

ABSTRACT. This paper is concerned with the characterization of those positive
functions w such that Hopf’s averages associated to an invertible measure preserving
transformation T and a positive function g converge almost everywhere for every
fe€ LP(wdp). We also study mean convergence when g satisfies a “doubling
condition” over orbits. In order to do this, we first characterize the pairs of positive
functions (u, w) such that the ergodic maximal operator associated to T and g is of
weak or strong type with respect to the measures wdp and udp.

1. Introduction. Let (X, &, ) be a o-finite measure space, let 7 be an invertible
measure preserving transformation from X into itself and let g be a positive
function in L'(dp).

For each pair of nonnegative integers, r and k, we define the operators Dj,,
acting on measurable functions, by

k k -1
DEf(x) = [ ) f(T'X)][ r g(T’X)]

i=-r i=-r

and the maximal operator by

‘/”gf—__ sup Drig.klfl‘

r.k>0

Hopf’s ergodic theorem applied to T and its inverse transformation T ~! assures us
that the sequences of averages { D§, f } and { D, f } converge almost everywhere on
X for each function f in L!(dp). Our aim is to study the a.e. convergence of the
sequences { D, f} and { Df,f } with respect to the other measure wdu, where w is
a positive and measurable function. A more explicit statement of the question is the
following: “Let us fix p, 1 < p < oo. Which are the positive and measurable
functions w such that for each f in L?(dp) the sequences { D§,f} and { D§,f }
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converge a.e. on X?” In this paper we characterize those functions by the following
conditions:

“1/p—
M (w /P (x) <00 aeforp>1,

sup w(Tx)< o ae. forp=1.
—-oc <I< 00

To prove these results, we observe, by Theorem 4 in [13], that the a.e. convergence
of {D§,f} and { Df,f} is equivalent to A ,f(x) < co a.e. On the other hand this
last problem is related (by Nikishin’s theorem [5]) to weak type inequalities for the
maximal operator. For that reason we have studied weak and strong type inequali-
ties for # , in §§2-4. Actually, the results about #, follow from the study of the
maximal operator associated to T,5,f = D, (fg) which is a bounded operator in
L>(dp) while A , is not.

2. Weak type inequalities for the maximal operator. Let (X, %, n) and T be as in
the previous section. Let g be a measurable positive function, not necessarily in
L'(du). For each pair of nonnegative integers, r and k, we consider the averages

(2.1) TE S (x) = D (fo)(x) = l > (fg)(T‘X)][ ) g(T’X)]_

i=-r i=-r

and the maximal operator

(2.2) M f=AM,(fg)= sup T5]|f],
r.k=0
where f is a measurable function.

In this section we characterize the pairs of nonnegative measurable functions
(u,w) satisfying the following property: “M, is of weak type (p, p) with respect to
the measures wdp and udp.” The necessary and sufficient condition on « and w is
similar to Muckenhoupt’s condition A4, (8] for the Hardy-Littlewood maximal
operator. For that reason, we will establish A » in our context before stating the
theorem (particular cases of our condition can be found in [1 and 2]).

(2.3) DEFINITION. Let 1 < p < oo and let g be the conjugate exponent of p (the
letter g will always have the same meaning in this paper). The pair (u,w) of
nonnegative, measurable real functions satisfies A4,(g, T, p) (or simply the pair
(u,w) belongs to the 4',(g, T, p) class) if there exists a constant C > 0 such that for
every nonnegative integer k and for a.e. x[u]

(2.4) T(fk(g_lu)(x)[Tog‘k(w'lg)q/p(x)] p/q< C.

Observation. If T§,(w™'g)%/P(x) = oo (because w(T'x) = 0 for some i,0 < i < k)
we assume that (2.4) is satisfied if T, (g 'u)(x) = 0, i.e., the pair (u,w) belongs to
the A),(g, T,p) class if (24) is satisfied for ae x in X—-UZ_, T'({x € X:
w(x) = 0}) and p(E) = 0, where E is the set

{x € X:w(x)=0}~ ﬁ T'({x € X: u(x) =0}).

i=-00
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(2.5) DEefFINITION. The pair (u,w) of nonnegative, measurable, real functions
satisfies A7(g, T, n) (or simply the pair (u,w) belongs to the A{(g, T, ) class) if
there exists a constant C > 0 such that for a.e. x[p]

(2.6) M, (g7'u)(x) < C(g7'w)(x).

Observations. We shall omit the letters T or p in the expression A,(g, 7, p) when
the transformation or the measure we are referring to is clear. We shall not write the
function g if g(x) =1, x € X. If the functions ¥ and w are equal we shall simply
say that the function w satisfies 4(g, T, p).

We shall consider two sets “equal” if they agree up to a set of measure zero.

Throughout this paper, C will denote a positive constant not necessarily the same
one at each occurrence.

(2.7) THEOREM. Let u and w be nonnegative measurable real functions. If 1 < p <
00, then the following conditions are equivalent:
(a) There exists C > 0 such that
f udp < C)\"’f | f"wdp
{xeX: Mgf(x)>)\} X
for every X > 0 and for each measurable function f.
(b) The pair (u,w) satisfies A, (g, T, p).

Our main tools to prove this result will be the concept of (ergodic) rectangle and
Lemma (2.10).

(2.8) DEFINITION. Let k& be a nonnegative integer. The measurable set B C X is
the base of an (ergodic) rectangle of length k + 1 if T’BNT/B= @, i +j,0 < i,
J < k. In such a case the set R = U¥_, T'B will be called an (ergodic) rectangle with

base B and length k + 1.

(2.9) LEMMA. Let S be a measure preserving transformation from X into itself. For
every measurable set Y C X there exists a countable family { B;: i € Z"} of measura-
ble sets such that:

(a) Y = U=, B,

(b) BN B, = Bifi+].

(©)S'B,N B, = Bifi>1.

(d) S™'4 = A for every subset A C B,

(2.10) LEMMA. Let Y be a measurable set of X and let k be a nonnegative integer.

Then, there exists a countable family { B;: i € L™} of sets of finite measure such that:
(1) Y =Ux,B.

(i) B;N B, = Gifi #j.

(iii) For every i, B, is the base of an ergodic rectangle of length 1 + s(i) with
0 < s(i) < k and such that if s(i) < k, then T'**""4 = A for every measurable set
A C B,. Consequently, for every measurable set A C B,,

s(i)

k k
(2.11) > Xra<CU) X Xpia= C(i)xu’,‘_’},T’A <2 Xpiar
j=0 j=0 j=0

where C(i) is the least integer not smaller than (k + 1)(1 + s(i))™L.
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PROOF OF LEMMA (2.9). Let us assume that p(Y) < co. Let B, =
choose by induction sets B; with i > 1. Suppose that B, B,,..., B,
been chosen. We then define

@ and let us
(n = 1) have

g

n+1

={Be :BCc Y, pu(B)>0,BnN

U B,.)= @,BNS'B= @}.

i=1

If 9 ,, = @ we choose B, ,, = J; otherwise we choose a set B, ; € ¢,,, such
that sup{u(B): B€ 9,,,} <2u(B,,,)- Finally, let B, = Y — U, B,. Itis evident
that { B,}%, satisfies (a)—(c). In order to prove that B, satisfies (d) we observe that
in the choice of the sets B; we have one of the following situations:

(i) 9,, = 2 forsome my > 2,

(i) ¢, # & for every m > 2.

Assume we are in case (i). Let 4 be any measurable subset of B,,. It is clear that
(A-S'A)NnUm™m'B)=@ and (4 — S'4) NS4 ~- S'4)= &. Then
w(A — S7'4) = 0 by (i) and since S preserves the measure p and p(A4) < oo we get
that 4 = S7'4.

We now assume that 4, # & for every m > 2. The first thing we notice is that
lim p(B;) = 0 since L2, u(B;) = p(U2, B;) = p(Y) < 0. Let 4 be any measurable
subset of B, and let D = A — S™'A. If p(D) > 0, then there exists n, > 2 such that
0 < 3u(B,,) < p(D) and then 3p(B, ) < sup{p(B): BE ¥, } since D € 4, That
contradicts the choice of B, . Hence p(D) = 0 and consequently S “1(A4) = A. This
finishes the proof when p(Y) < co.

Now let Y be a measurable subset of X. Since X is o-finite we have that
Y=U*,Y,Y NY =@ if n#m and p(Y,) < co. For each ¥, we have, by
what we have already shown, Y, =U%,B" where { B}, is a sequence with the
properties (b)—(d) in Lemma (2.9). Then we get the decomposition if By, = U_, By
and the countable family {B/: i > 1, n € Z"} is obtained after renumbering the
collection { B, }°

PrOOF OF LEMMA (2.10). We shall begin by assuming that p(Y') is finite. If k = 0
there is nothing to prove. So, let k be a positive integer. For every h, 1 < h < k, let
{ B, ,}72, be the sequence given by Lemma (2.9) for the set Y and the transforma-
tion 7°*. Then Y = N§_, (U2, B, ,) = U, , B,, where J is the set of the mappings
from {1,...,k} into Z* and B, = N_, B, It is clear that the collection { B;:
t € J} is a countable, disjoint family of sets of finite measure. On the other hand, if
{h: t(h) = 0} = @ we have that B, is the base of a rectangle of length k + 1. If { A:
t(h) = 0} # @, itis clear that B, is the base of a rectangle of length s(¢) + 1, where
s(t) + 1 = min{h: t(h) = 0} (observe that s(t) < k). In such a case we get that
T*"*'4 = A for any A C B, since B, is a subset of B ,,,,. Once these properties
have been established we easily deduce (2.11).

Now let Y be any measurable subset of X. Since X is o-finite, we get that
Y=Ux,Y,.,Y,NnY, = @if n # mand p(Y,) < oo. For every Y, we consider the
decomposition Y, = U% , B!" given by Lemma (2.10) in the case of finite measure. It
is evident that the family { B/: i € Z*,n € Z"} satisfies the conditions required in
the lemma.
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Before beginning the proof of Theorem (2.7) we shall obtain two corollaries of
Lemma (2.10) that generalize Lemma (2.2) in [2].

(2.12) COROLLARY. Let (X, %, pn) be a o-finite nonatomic measure space and T an
ergodic, invertible measure preserving transformation from X onto itself. Let Y be a
subset of X. Then for every nonnegative integer k the set Y can be written as a countable
union of bases of (ergodic) rectangles of length k + 1.

PROOF OF COROLLARY (2.12). Let X = U2, B; be the decomposition given by
Lemma (2.10) for X and k. To prove the corollary it will suffice to show that
s(i) = k for every B, of positive measure. If s(i) < k, theset A U TA U --- UT*(4
is invariant for every subset A of B, Hence p(A U TA U --- UT*I4) =0 or
p(X —AUTAU --- UT(V4) = 0. However both conditions are impossible for a
subset A of B, such that 0 < p(4) < (s(i) + 1)"'u(B,). Therefore s(i) =k if
w(B,) > 0.

(2.13) COROLLARY. Let (X, %, ) be a o-finite measure space with p(X) = oo and
let T be an ergodic, invertible measure preserving transformation from X onto itself.
Let Y be a measurable subset of X. Then for every nonnegative integer k the set Y can
be written as a countable union of bases of (ergodic) rectangles of length k + 1.

PROOF OF COROLLARY (2.13). In order to prove (2.13) we follow the proof of
(2.12) taking 4 = B,. Then, since p(B;) > 0 we have p(X — B, U --- UT*B,) = 0.
But this implies that p(X) < oo because p(B;) < co. Consequently, s(i) = k if
w(B,) > 0.

PROOF OF (a) = (b) OF THEOREM (2.7). Let1 <p < o and E = {x € X: w(x) =
0} —N®__ T'({x € X: u(x) = 0}). Condition (a) with f = x . allows us to obtain

f} udp = 0 for all integers j.
T’
Thus

fF . i u(T’x) dp = 0.

' j=-

Then p(E) = 0 because X3 _, u(T’x) # 0 if x € E. Now let us fix a nonnegative
integer k. In order to get (b) we have only to prove that (2.4) is satisfied for a.e. x in
theset F= X —U%_, T/({x € X: w(x) = 0}). Let { B;}?2, be the sequence given
by Lemma (2.10) for the set F and the number k£ (in the proof we shall use the
notation in Lemma (2.10)). For B, fixed and each integer m we define

H,, = {xe€B:2"<Tg(gw™)""(x) <27}

Lm

Foranyd c H, , set R = U}, T’A. Then, if 0 < h < k and x € 4 we have

Mg((gw—l)q/PxR)(Thx) > om
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(observe that R = UX_,T’A). Then, (a) allows us to get
s(i)
(2.14) / Y u(T'x) dp =f udp < cz-"'ﬂf 2w P dy
A j=0 R R

s(1)
= o | L (w7 /7)(T) di.
A =

Therefore, keeping in mind that 4 C H, , , we have

s(1)

) 5 ul(The) d < € ), L u(rix)

j=0

iom>

s(i)
<camre(i) [ X (gow 7)(Tix) dp

j=0
k
<2027 [ % (ghw /7)(Thx) dp
A j=0

k 1-p

< 2”Pcf ( (g9w9/7)(T'x)
j=0

( L #(r%)

Since this inequality is valid for all measurable sets A C H,, and F =
oUk__ H,, we conclude that (2.4) is satisfied for a.e. x in F with constant
2””C independent of k. This finishes the proof of the implication (a) = (b) if
p>1
Now let p = 1. Let k be a nonnegative integer and { B;}{2, the family given by
Lemma (2.10) for X and k. For B, fixed and each integer m we define

k -1
H,, = {x € B;:2" < {Z g(TjX)} < 2"'“}'
j=0
For any measurable subset A of H,, let R = U3U,T/A. If x € Aand 0 < h < k we
get, by Lemma (2.10)(ii1),

-1

M (x.87' )(T"x) > C(i)

k
¥ g(T)

Then, since 4 C H, ,, we deduce that R is included in {x € X: M (x & ')(x)>
2™C(i)}. Therefore, by (a),
s(i)
(2.15) f Y u(TVx)dp < Cz-"'(c(i))“f g \wdp.
A j=0 4
Applying (2. 11) and keeping in mind that 4 C H, ,
s(1)

f Z u(T'x)dp < C(i )/ Z u(T’x)dp < C2° /g 'wdu

A j=0

< ZCfA g (x)w(x) S o(Tx) du.

Jj=0
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Now, since A4 is any measurable subset of H; ,, and X = U2 ,U%___ H,, we have
Ts(g7'u)(x) < 2Cg'1(x)w(x) a.e.

In the same way we get the inequality with T§, instead of Tg,. Therefore,

M (g 'u)(x) < 4Cg~'(x)w(x) a.e. x in X; thus, the pair (u, w) satisfies 4(g, T, p).

PRrROOF OF (b) = (a) oF THEOREM (2.7). The proof is a consequence of the result in
the integers case. More precisely:

(2.16) LeMMA. If the pair (u,w) satisfies A\ (g, T, p), then there exists C > 0 such
that for a.e. x in X, for all X > O and for every mapping h: Z — R,

o0

(2.17) ) w(Tx) < CXP ¥ [h(j) [ w(T),
{JEZ: mygh(j)>A}) Jj=-
where
(2.18)
k o k o -1
myh(j)= srpo[ Y lh(ji+ i)Ig(T“'x)H )y g(T“'x)] , JEL.
r.k> i=-r i=-r

PROOF OF LEMMA (2.16). In order to prove the lemma it will suffice to get
inequality (2.17) substituting m . by the following maximal operators:

(219)  m%h(j)=sup [ Y () + l)lg(T’*‘x)H )) g(T“’X)]_

k>0]i=0

-1
(220)  myth(j) = sup[z |n(j - i)|g(T’~ ’x)][z g(Tf"x)]
k>0]i=0 i=0
The proof of the inequality, being similar for both operators, will be written only for
the first.

It follows from 4/(g, T, u) that, for a.e. x in X, if w( T'x) = 0 for some integer i
then u(T/x) = 0 for all integers j. Consequently, inequality (2.17) holds for a.e. x in
D =U%_,T/({x € X: w(x)=0}). Now, let x be in G=X—D, let X\ be a
positive real number and let # be a mapping from Z into R. Put O, = {j € Z:
m%.h(j) > A} and, for each nonnegative integer &, Of={(jEe0y -k<j<k}) Tt
is clear that there exists a finite family {I,: r € #,} of intervals in Z (consecutive
integers sets) such that

WOI.NI,=@ifr+s,
(ii) 0f €U, e, I,
(iii) T, e , 1A (/)I8(T'%) > AT, < , 8(T%x).

Then,
(2.21) .Zku(T/x)s % Z u(T’x)
<0 £ T hOlsro|| £ )] "L ur.
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If p =1 it follows from (2.21) and Aj(g, T, n) that
Y u(Tx)<sX'cY Y |h(j)w(T/x) ae. xinG.

je o} ref jEl,
Letting k go to co we obtain (2.17) for a.e. x in G, with p = 1 and m?}. instead of
M.
If p>1 we apply Holder’s inequality in the last member of (2.21). Then,
A’,(g,T,p) gives us
Y u(Tx)<CA? X X [h(j) [ w(T'x)
j€0} ref JjEl,
for a.e. x in G. Letting k go to co we obtain (2.17) for a.e. x in G, with p > 1 and
m’. instead of m ..
Once Lemma (2.16) has been shown we shall prove implication (b) = (a) of
Theorem (2.7) using transference methods.
Let f be a measurable function from X into R and consider the truncated
maximal operator
M, f= sup TEI S,
rk+1<l

where L is an integer bigger than or equal to 1. Let us fix A > 0 and denote by O, ;
the set {x € X: M, , f(x) > A}. Then, since T preserves the measure . we have

k
(2.22) f udp=(2k+1)7" Y f u(Tx) dp.
Ox.1. j==k "T'Ox..

If [-k — L, k + L] denotes the interval in the integers {i € Z: -~k — L < i<k + L}
and f¥(j) = f(T’x), then the right-hand side of (2.22) is not bigger than

fx 2k + 1)'Y u(T'x) dp,

where the sum is extended over the integers j such that m ,«(f*x(_x— 1.4+ 2))(J) > A
By Lemma (2.16), the integrand is smaller than or equal to
k+L
CRk+1)"N7 L () w(Th).

j=-k-L

If we put these inequalities in (2.22) we have
(2.23) f wdp < CNP(2k + 2L + 1)(2k + 1)‘1f | f"wdp.
Ox.1. X

Now, letting k and then L go to oo we obtain condition (a) in Theorem (2.7).

(2.24) COROLLARY. The maximal operator M, is of weak type (1,1) and strong type
(p. p) with respect to the measure gdu for every p, 1 < p < oo, with constants
independent of g.

The corollary follows from Theorem (2.7) by interpolation, since g satisfies
Aj(g,T.p) with constant C =1 and M, is of type (o0, c0) (also with constant
C = 1) with respect to gdu.




INEQUALITIES FOR THE ERGODIC MAXIMAL FUNCTION 69

As we shall see later, the weak type (p, p) of the maximal operator is not
equivalent to the strong type ( p, p). However, if g satisfies a “doubling condition,”
i.e., if there exists C, > 0 such that for all nonnegative integers k and for almost
everywhere x in X,

2k k

(2.25) Y g(Tix) < g‘, g(T'x),

i=—k =
then the conditions in Theorem (2.7) are equivalent to the uniform boundedness and
to the uniform weak type of the averages.

(2.26) THEOREM. If g satisfies the “doubling condition” (2.25), then conditions (a)
and (b) in Theorem (2.7) are equivalent to the following conditions (c) and (d).
() There exists C > O such that for every X > 0 and for all measurable functions f

sup udp < CA“’L | wdp.

k>0 f{xe)(:ITz‘.kf(x)PM

(d) There exists C > O such that for all measurable functions f
P P
sup [ |Tg.fludp<C[ |flwdp.
k>0 "X X

PROOF OF THEOREM (2.26). It will suffice to prove (c) = (b) and (b) = (d) because
(d) = (c) is obvious.
Assume (c) with p > 1. As in Theorem (2.7) it is clear that u(E) = 0 where

E={x€X: w(x)=0}- _ﬁ T'({x € X: u(x) =0}).

Let us fix k and let B;, H,,, A and R be as in the proof of (a) = (b) in Theorem
(2.7)for p > 1. Then,if x€e Aand0 < h < k

k 2k -1
TEu((w7'8) "xe)(T"%) > §0(8"W"'/”)(T"x)[}=z_k g(T’x)] '

Since g satisfies (2.25), the right-hand side of the inequality is bigger than or equal
to

(€)' TE(w'g) P (x).

Now, keeping in mind that x € 4 C H,

i,m>

TE((w'8) "Xz )(T"x) > (C,) 2", O<h<k xed.
Then, by (c),

we obtain

s(i)

(2.27) LEO u(fo)dp=fRudp

<C(C) 2™ [ T (g0 T) da.

J=0
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This last inequality is similar to (2.14) with the constant C(C,)” instead of C. Then
condition (b) (p > 1) follows from (2.27) in the same way that (b) (p > 1) is
obtained from (2.14) in Theorem (2.7).

Now, assume (c) with p = 1. Let us fix k and let B;,, H,,, 4 and R be as in the
proof of (a) = (b) in Theorem (2.7) for p = 1. Then if x € 4 and 0 < h < k we

have

TE (x487')(T"x) = C(i)

24 R
)y g(YVX)l :

j=—k
Since g satisfies (2.25), the right-hand side of the inequality is bigger than or equal
to C(i)(C,X5_o8(T’x))™". Keeping in mind that A is included in H,, we obtain
that R is a subset of {x € X: T§ ,(x 48 ")(x) > 2'"C(i)(Cg)‘1}. Then (¢) (p = 1)
gives us

(2.28) _L

s(i)
u(T’x) dp < CCg(C(i))'12‘"’f g wdp.

j=0 4
This last inequality is similar to (2.15) with constant CC, instead of C. Then,
condition (b) (p = 1) follows from (2.28) in the same way that (b) (p =1) is
obtained from (2.15) in Theorem (2.7).

We shall now prove that A4),(g,T,p) implies (d). We shall begin with the case
p = 1. Let f: X — R be a measurable function and let k be a nonnegative integer.
It is clear that

y g(fo)}_ u(x) dp

j=-k

[ ntsdns £ f (718)T)

i=-k

and since T preserves the measure p

(229) [ \Teusludn< [ (1718)(x) X [ S g(17)

i=—k | j=-k

-1

u(T'x) du.

The right-hand side in the inequality is smaller than or equal to

(2.30) Cle) [ (1718)0)TE (g™ u)(x) du

since g satisfies (2.25), where C(g) is a constant depending only on g. Thus, with
this observation and (2.29) we have

(2.31) [, \Teaf ludn < C(g) [ 1f18M,(87'w) dn.

Then condition (d) (in the case p = 1) follows from (2.31) since the pair (u,w)
satisfies A1(g, T, u).

Now, let p > 1 and assume that the pair (u,w) satisfies 4,,(g, T, p). Let f be a
measurable function and let k be a nonnegative integer. Then 4',(g, T, p) gives us

| P
[T fVudn= [ |T¢ ./ udn,
X F
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where F = X — U®

® o T'({x € X: w(x)=0}). By Holder’s inequality it is clear
that

p P _ /
T8/ (0) < T (17 P87 w) () T (w7ig) 7 ()] " (x e F).
Hence, keeping in mind that T preserves the measure,

k
232) [ |Tgufudn< [ Iflp(x)W(X)[ Y 1w ) (1))

i=—k

du.

[ 5 g(Tf“x)]— u(T'x)

j=-k
Now, from (2.25) it follows that

k /| . p/q k cs -1 .
233) X [1r.(wg) 7 (Tix)] [z g(Tf+'x>] u(T'x)

i=—k j=-k

- / -
< (C(8))[Than(w7'8) 7 ()] *Tfi (g 7u) ()
and since the pair (u, w) satisfies 4,(g, T, p), inequalities (2.32) and (2.33) give us

[ \Tgas P udp< c(c(e)” [ | wan
X X

which proves (d).

(2.34) Note. 1t is easy to see that, under the assumptions of Theorem (2.26),
conditions (c) and (d) are equivalent to (c’) and (d'):

(c’) There exists C > 0 such that for all A > 0 and for every measurable function f

sup udp < CA“”/X | f [ wdp.

rk=>0 f{xext ITE S| >N}
(d’) There exists C > 0 such that for every measurable function f

sup [ |Taf(udp<C[ |fIw.

r.k=0

(2.35) ExaMpLE. If g does not satisfy (2.25), then Theorem (2.26) does not hold. In
order to observe this, we consider X = Z, the set of the integers, % the o-algebra
whose elements are all the subsets of Z, p the counting measure, T(i) =i + 1,
w(i)=1, u=w and g(i) = 2". It is not difficult to prove that the averages are
uniformly bounded in L?(wdp) for every p, 1 < p < oo. Nevertheless w does not
satisfy 4,(g, T, p) for any p. In consequence M, is not of weak type ( p, p) for any
p.

3. Strong type inequalities for the maximal operator. In this section we want to
study, under the same hypothesis as in the previous section: Which condition or
conditions must the functions u and w satisfy for the maximal operator M, to be of
strong type (p, p) (1 < p < o), i.e,, when is it true that there exists a constant
C > 0 such that

J 1M f udn< Cf 1f wa
X X
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for every measurable function f? First of all, it is clear by Theorem (2.7) that a
necessary condition (for M, to be of strong type (p, p)) is that the pair (u,w)
satisfies A),(g, T, p). Then it is natural to ask if the A4)(g,T,p) condition is
sufficient. The answer is affirmative when u = w (Theorem (4.1)) but in the general
case is negative as the following example shows.

(3.1) ExaMpPLE. Let X, %, p and T be as in Example (2.35). We consider
g(i)=1, u(i) =1 + |iland w(i) = (1 + |i|)>. An easy computation proves that the
pair (u,w) satisfies A5(g, T, p). Nevertheless, if f = x o, (characteristic function of
the set {0}) we have that M,f = u™" and

M A u(D) = X (i) =
while X2 __ | f(i)|*w(i) = 1 and hence M, is not of strong type (2,2).

In order to find some necessary and sufficient condition on the functions u and w
for the operator to be of strong type (p, p) (1 < p < oo) with respect to the
measures wdp and udp we look at Sawyer’s condition [11 and 12] which char-
acterizes the strong type ( p, p) of the Hardy-Littlewood maximal operator. Before
stating and proving the main result of this section we must establish which is
condition S, in our context.

(3.2) DerFINITION. Let r and k& be nonnegative integers. For each measurable
function f: X — R we define Mg, f by

MFif = max T |f].
0<j<k

(3.3) DEFINITION. Let 1 < p < 0. The pair (u, w) of nonnegative measurable real
functions satisfies S,(g, T, p) (or simply the pair (u,w) is in the S;(g, T, p) class) if

pl{xeX:w(x)=0}- N T'({x€X:u(x)=0})|=0
and there exists C > 0 such that for all nonnegative integers k£ and for a.e. x in
X -Ux T’({x € X: w(x)=0)})

1 =—-00

k
(3.4) | 5 (wlg)¥(T x)| u(T'x) < CE’O( g%w=9/7)(T'x).

With these notations and definitions we have

(3.5) THEOREM. If 1 < p < oo the following are equivalent:
(a) There exists C > 0 such that for every measurable function,

14 p
fx M, f| udp < c[x |fwdp.

(b) The pair (u,w) satisfies S,(g, T, p).

PrROOF OF THEOREM (3.5). Suppose that proposition (a) is satisfied. As in Theorem
(2.7) we prove that p(E) = 0, where E is the set

{x € X:w(x)=0} - ﬁ Ti({x € X: u(x) =0}).

i=-00
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Then, in order to prove (b) we have only to show that (3.4) is satisfied for almost all
xin F=X-U®__ T'({x € X: w(x)=0}). Let us fix a nonnegative integer k
and let { B}, be the sequence in Lemma (2.10) for the set F and for the number &k
(in the proof we shall use the notation introduced in Lemma (2.10)). Let us fix a set
B, Let A be a measurable subset of B, and define R = U5, T’4. Then, if

0 < h < k and x € 4 we have

(3.6) ME _4(w7g) q/p(Thx) < Mg(( wg) q/pXR)(Thx)~
Then, (3.6) and the properties of the sets B, give us
k P
(3.7) [, X [ MEaon(w8) 7 (Th0) [ u(T"%) d
h=0

< C(i)‘/;z lMg(w‘lg)q/plepudp..

Now, (a) and (3.7) allow us to get

A V4
(3.8) Y [ ME, (wg) P (Thx) [ u(T"x) dp
A p=0

k
<cC(i) [ gw rdp<2C[ ¥ (g 4/7)(T*x) dp,
R A4 h=0
where the last inequality is a consequence of the properties of the sets B;. Since 4 is
any measurable subset of B, it follows from (3.8) that

k » k
L | MEoa(wlg) () [u(T"x) < 2C T (g7w™9/7)(T"x)
h=0 h=0
for almost all x in B,. This finishes the proof of (a) = (b) if we keep in mind that
F =U, B, and k is any nonnegative integer.
The other implication (b) = (a) follows from the result in the case of the integers.
More precisely:

(3.9) LEMMA. Let 1 < p < oo. If the pair (u,w) satisfies S,(8 T, 1), then there
exists C > 0 such that for almost all x in X and for every function h: Z - R

o0 00
(3.10) Y mgh() [ u(Tix) <€ Y |h(j)(w(T).
j==o0 J==00

The proof of this lemma follows the lines of Sawyer’s theorem [11, 12] for the
Hardy-Littlewood maximal function. For that reason, we shall only point up some
steps of the proof.

As in Lemma (2.16), it suffices to get inequality (3.10) for the operator m%.
instead of m,.. First, observe that inequality (3.10) is obvious for almost all x in
US._ T’E, where E = {x € X: w(x) = 0}. Consider now a nonnegative integer L
and the truncated maximal operator

k k -1
my h(j)= sup X Ih(j+i)|g(T’+‘X)[Z g(T’+’x)] :

O0<k<L j=0 i=0
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Let x bein F= X —U%. __ T’E and let us fix a function 4: Z — R. Let us define
for every integer k the set O, = {(j € Z: m¥%. ;(hx(_p 1))(J) > 2%}, where [-L, L]
= {j€Z: -L <j <L} Itisclear that O, is a finite set. Finally, denote by {7, ,:
r € .} the family of maximal intervals contained in O,. These intervals have the
following properties:

)0, =U,c 4 I, C[-2L,2L]

I, NI ,=aifr+s.

(iii) 2%, <, , 8(T'%) < T, 1h(DIg(T).

(iv) If j < k, then for every interval I, , there exists I, ; such that I, , C [ ;.

From now on, the intervals I, , play the role of the dyadic cubes in Sawyer’s
theorem. Then, writing Sawyer’s proof with these intervals we get that there exists a
constant C > 0 such that for almost all x in F

[e¢]

X |m§".L(hX{-L.L])(j)|p“(TjX)<C i |h(j)}pw(fo).

j=-c0 j=-o0

If we let L go to oo we have (3.10) with m3. instead of m,. for almost all x in F,
and so the proof of the lemma is finished.

Once Lemma (3.9) is established we shall prove implication (b) = (a) of Theorem
(3.5). Let f: X — R be a measurable function and consider the truncated maximal
operator M, , (L > 1)

M, f= sup TEIf|
rek+1<L

Since T preserves the measure p, we have

(3.11) fX[Mg‘Lf|pudu=(2k+ )™ ZA: /X(|M8‘Lf|pu)(fo)dp.

j=-k

Now, if [-k — L,k + L]= {j € Z: -k — L <j < k + L}, then the right-hand side
in (3.11) is smaller than or equal to

(1) [ kD T [P x o)) [T d,

where f*(i) = f(T'x). Then, by Lemma (3.9), the integrand is dominated by
k+L

c Y |f(fo)|pw(fo) a.e.

j=-k-1L

If we put these inequalities in (3.11) and keep in mind that T preserves the measure
n we get

613 [ M, f[ udp < Ck+1)" @k +2L+1) [ |/ wdn.
X X

Then, if we let k and then L go to oo we obtain proposition (a) in Theorem (3.5).

4. Relation between 4,(g, T, ) and S,(g, T, p). By a straightforward observation
or by Theorems (2.7) and (3.5) it follows that if the pair (u, w) satisfies S (g, T, p),
then (u,w) satisfies 4,(g, T, p). The other implication is not true as Example (3.1)
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and Theorems (2.7) and (3.5) show. However, in the same way as in the Hardy-
Littlewood maximal operator, both conditions are equivalent if u = w.

(4.1) THEOREM. Let (X, %,p), T, g, and w be as in §§2 and 3. If 1 < p < oo,
then the following conditions are equivalent:
(a) There exists C > 0 such that for all X > 0 and for every measurable function f

f wdp < CX”/ | fPwadp.
{x€X: Mf(x)>A} X

(b) There exists C > 0 such that for every measurable function f

f M, f"wdp < cf |f Fwdp.

b's x

(¢) w satisfies A7 (8, T, p)-

(d) w satisfies S,(8, T, p) (i.e. (w,w) belongs to the S;(g, T, p) class).

PrROOF. Once Theorems (2.7) and (3.5) have been established we have only to
prove that (c) = (d). In order to prove this we shall follow the idea of [6]. Let k be a
nonnegative integer. Let us fix i, 0 < i < k, and let r and s be integers such that
0 <r<iandO < s < k — i. Then, since w satisfies A;(g, T, n), we have

(42) T5(w" g) " (T'x) < C Zs: Xo.(J + 1) (wgw)(T/*x)

s _1]49/?
(o]

j=-r

for almost all x in F = X — U%__
0 < j < k}. Therefore

(43) ME,_(wg) 7 (T'x) < C[mye((w) g*xp0.00)(D)] 77

for almost all x in F and where w*(j) = w(T”x) and g*(j) = g(T’x). Then, raising
to p, multiplying by w(7'x) and summing in i, we get

w T'({x € X: w(x) = 0}), where [0, k] = {j € Z:

A V4 .
(4.4) T | ME_ (wg) ¥ (T'x) [ w(T')
i=0

< Cé} 'mwx((wx)_lg"x[o'k])(i) lqw(T‘x)

for almost all x in F. Now, by (2.24) applied to the operators m ., there exists a

constant C > 0 such that for almost all x in F

w¥s

k q k
(4.5) go |7 (W) 8" Xp0. ) (1) | W(T'x) < € ;0 g(Tx)w=9/P(T'x).
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Then (4.4) and (4.5) give us
k
Z M3, (w7'g) " (T3) [ w(T'x) < C L (gw™9/7)(T%)
i=0

for almost al] x in F. This proves (c) = (d).

We have just shown that if we consider a nonnegative function w, then the
operator M, is of strong type ( p, p) with respect to the measure wdu if and only if

M, is of weak type ( p, p) with respect to the same measure. Theorem (2.26) together
with the last result allow us to get something else.

(4.6) THEOREM. Let (X, % ,1), T, g, and w be as in §§2 and 3. If 1 < p < o0 and
g satisfies (2.25), then the following conditions are equivalent:
(a) There exists C > 0 such that for all X > 0 and for every measurable function f

wdp < C)\"’/ | fwdp.
X
(b) There exists C > 0 such that for every measurable function f

P »
[ Mrlwdn<cf 17 wdp.
b% b

(c) w satisfies A'(g, T, p).

SuP,/
k>0 “{x€X:|TEf(x)|>X)

(4.7) Note. Example (2.35) shows that Theorem (4.6) is not true if g does not
satisfy (2.25).

5. Finiteness of the maximal operator and convergence of the averages. It is well
known that the almost everywhere convergence is closely related with the finiteness
of the associated maximal operator. Actually, both problems are equivalent in some
cases. In this section we will show that this equivalence holds in our setting.

(5.1) THEOREM. Let (X, %,p) be a o-finite measure space and T an invertible
measure preserving transformation from X onto itself. Finally let g be a positive
function in L'(dp) and let w be a positive function. If 1 < p < co, then the following
are equivalent:

(a) There exists a positive and measurable function u: X — R such that the pair
(u,w) satisfies S,(8,T, p).

(b) M (w™'g)¥?(x) < 0 a.e.

(c) There exists a positive and measurable function u: X — R such that the pair
(u,w) satisfies A,(g, T, p).

(d) M f(x) < oo a.e. forevery fin LP(wdp).

(€) The sequences {T§,f} and {T§,f} are almost everywhere convergent for every
fin LP(wdp).

If p = 1 statements (c)—(e) are equivalent to

() SUP_ o <, < (W BNT'X) < o0 ae.

PrROOF OF THEOREM (5.1). Let 1 < p < 0. It is clear that (a) = (c) and (e) = (d).
Therefore, in order to prove the theorem it will suffice to show (c) = (b), (b) = (d),
(d) = (c), (b) = (a), and (d) = (e). In some of the implications we shall follow the
idea of [10].
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(c) = (b). By (c) there exists a constant C > 0 such that for every pair r, k of
nonnegative integers and for almost all x in X

[72.(wg) 7 (x)] " < C[TE (g7 'u)(x)] " = €T (ug)(x)
and so
(5.2) M (wg) " (x) < C[M,(u7g)(x)] "

Now, by Corollary (2.24), M, applies L'(udp) into weak-L'(u du) and since u~'g is
in L'(udp) we get that M, (u"'g)(x) is finite for almost all x in X. Putting this in
(5.2) we have (b).

(b) = (d). Let f be a function in L?(wdu). By Holder’s inequality it is clear that

M,f(x) < [ M1 we ) ()] [ M, (w'8) " (x)] .

By (b), the second factor of the right-hand side in the inequality is finite almost
everywhere. On the other hand, the first factor is finite almost everywhere because
M, applies L'(gdp) into weak-L'(gdu) (Corollary (2.24)). Therefore, M,f(x) < oo
a.e.

(d) = (c). Since M, is the maximal operator associated to a family of positive
operators, Nikishin’s theorem [5] tells us that there exists a positive and measurable
function u from X into R such that M, applies L?(wdp) into weak-L”(uw dp).
Then, by Theorem (2.7), the pair (uw, w) satisfies 4,(g, T, p).

(b) = (a). It is clear that (a) is satisfied with

u= (Mg(w‘lg)q/p)_pg"w"’/”.

(d) = (e). Consider the conservative and the dissipative part, ¥ and 2, associated
to the transformation 7. Remember (see [9] for example) that X = €U 2 and since
g isin L!(du) we have

™8

g(T'x) = o for almost all x in %,
0

i

0< Y g(Tx) <o foralmostall x in 2.
i=0
Let us fix f in L?P(wdp). By Theorem 4 in [13], there exists lim, _, , T§, f(x) a.e. in
% since M, f(x) < . In the dissipative part we know that £ ,g(T'x) < oo a.e.
and since M, f(x) < o0 a.e.in X we have X2 o| f(T'x)|g(T'x) < oo for almost all x
in 2. Therefore

i /() = £ pre(rn)| £ e(rn)|

i=0 i=0

for almost all x in 9. Therefore, there exists lim, _, , 7§, f(x) a.e. x in X. In the
same way the existence of lim, _, , T,f(x) a.e. is proved and hence we have proved

(d) = (o)
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Now let p =1. The equivalence (d) « (e) and the implication (d) = (c) are
proved as in the case p > 1. Hence we shall only prove (¢) = (f) and (f) = (d).
(c) = (f). Let i be an integer. Since the pair (u, w) satisfies A{(g, T, n) we have

(wg)(T'x) < C[Tfu.m(g_l“)(x)]_l = CT{(u7'g)(x).

Then, sup_,, ., <, (w 'gT'x) < CM,(u~'g)(x). Since u~'g is in L'(udp) and M,
applies L'(udp) into weak-L'(udp) we have M, (u'g)(x) < co ae. Therefore
SUP_, <, <o(W'gNT'x) < 0 ace.

(f) = (d). Let f bein L'(wdp). It is clear that

M f(x) < My(gfw)(x) sup (w7g)(T').
-0 <I<oo

The second factor of the right-hand side in the inequality is finite a.e. in X by (f).
The first factor is also finite a.e. since M, applies L'(gdp) into weak L'(gdp).
Therefore M, f(x) < o ae.

(5.3) Note. Observe that propositions (a) and (c) are equivalent to (a’) and (c’) by
Theorems (2.7) and (3.5):

(a’) There exist a constant C > 0 and a positive measurable function u: X — R
such that

P 4
fXIMgfI udp< C[ 17 wdp

for every measurable function f.
(c’) There exist a constant C > 0 and a positive measurable function u: X — R
such that

/ udp < C}\"’f | f"wdp
(x€X: M f(x)>\) X
for all A > 0 and for every measurable function f.
Now, we shall use the last theorem to study mean convergence of the averages.

(5.4) THEOREM. Let (X, F,p), T, g, and w be as in Theorem (5.1). If g satisfies
(2.25) and 1 < p < oo, then the following are equivalent:

(a) w satisfies A, (g, T, pn).

(b) The sequences {T§,f} and {Tg,f} converge in LP(wdp) for every f in
LP(wdp).

If g satisfies (2.25) and w € L(dp), then (a) and (b) are equivalent also for p = 1.

ProOF. It follows from (b) that the operators T§, are uniformly bounded in
L?(wdp). Then, by Theorem (2.26), w satisfies 4,,(g, T, p).

Let 1 < p < co and let us assume (a). By Theorem (4.1), M, is of strong type
(p, p).- On the other hand, Theorem (5.1) tells us that T, f and T§,f are ae.
convergent for every f in L?(wdp). Then (b) follows from Lebesgue’s dominated
convergence theorem.

Let us assume (a) with p=1 and w € L'(dp). Since Aj(g,T,p) implies
A,(g, T, n) we get, by what we have already shown, that T, f and T§f converge in
L*(wdp) for every f in L*(wdp). Since w € L'(dp), the sequences of averages
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converge in L'(wdp) for every f in L*(wdu). Now, (b) follows from this because
L*(wdp) is a dense subset of L'(wdpu) and the averages are uniformly bounded in
L'(wdp) (Theorem (2.26)).

Theorems (5.1) and (5.4) can be used to solve the problem stated in the introduc-
tion about the convergence of Hopf’s averages. The results follow from (5.1), (5.4)
and (4.6) if we remember that D3, f= T3,(g7'f), # ,f= M,(g"'f) and keep in
mind that f € L?(wdy) if and only if g~}f € L?(gPwdpy).

(5.5) THEOREM. Let (X, #,p), T, g, and w be as in Theorem (5.1). If 1 < p < o0,
the following are equivalent:

(a) There exists a positive and measurable function u: X — R such that (u, g?w)
satisfies S, (g, T, pr).

(b) There exist a constant C > 0 and a positive and measurable function u: X - R
-such that

fl.//{gflpudusc‘[ L "wdp
X X

for every measurable function f.

(c) There exists a positive and measurable function u: X — R such that (u, g?w)
satisfies A, (g, T, p).

(d) There exist a constant C > 0 and a positive measurable function u: X — R such
that

/ udp < C)\"’f Lfwdp
{xeX: J(gf(x)>>\} X
for each N\ > 0 and for every measurable function f.
(€) M (W™ VP)(x) < o0 a.e.
(f) A f(x) < o0 a.e. for every fin L?(wdp).
(8) The sequences {D§,f} and {Df,f} are a.e. convergent for every f in
LP(wdp).
- Ifp =1,(c), (d), (f), and (g) are equivalent to
(h) SUp_ o, < i<W (T'x) < 00 a.e.

(5.6) THEOREM. Let (X, #,p), T, g, and w be as in Theorem (5.1). If g satisfies
(2.25) and 1 < p < oo, the following are equivalent:

(a) g?w satisfies A,(g, T, p).

(b) There exists a constant C > 0 such that

[\ sV grwdp< cf |7 wdp
X X

for every measurable function f.
(c) There exists a constant C > 0 such that

sup gPwdp < C)\"’f |f|pwdu
k>0 “{x€X: D§, f(x)>A) X

for each X > 0 and for every f in LP(wdpp).
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(d) The sequences {D§,f} and {Df,f} converge in L?(gPwdp) for every
measurable function in LP(wdp).

If g satisfies (2.25), p = 1 and w € L'(dp), then (a), (c), and (d) are equivalent to
(e) and (f):

(e) There exist a constant C > 0 such that

f gwdp < CX‘/ |flwdp
(XEX: M f(x)>\) X

for each N > 0 and for every measurable function f.
(f) There exists a constant C > 0 such that

sup [ |Dfflewdp < C[ |flwdn
k>0 "X X
for every measurable function f.

(5.7) Note. As in (5.5) and (5.6), theorems in §§2-4 can be written for the
maximal operator .#, and the averages Df,. It is also possible to establish the
theorems of this paper for the general averages

(5.8) > (ﬂr)(T’X)[ > g(r"x)]_,

where h and g are positive and measurable functions. For this, it suffices to observe
that the averages in (5.8) are T2, (g 'fh) and keep in mind that f € L?(wdp) if and
only if g~'fh € LP(gPh Pwdp).

Finally, we shall establish the results when g(x) =1 and p(X) < oo.

(5.9) CorROLLARY. Let (X, #,pn) be a finite measure space and T an invertible
measure preserving transformation from X into itself. Let w: X — R be a positive and
measurable function. If 1 < p < oo, then the following are equivalent:

(a) The sequences T,,f(x)= (k + 1)'Tk  f(T'x) and T,,f(x) =
(k + 1)7'EX_ f(T 'x) converge a.e. for every f € LP(wdp).

(b) The sequence 2k + 1)™'LX__, f(T'x) is a.e. convergent for every f € LP(wdp).

(c)sup, 45 olr + k+ 17Xk, w9/P(T'x) < 0 a.e.

If p = 1, (a) and (b) are equivalent to

(d)sup_ ., <, w(T'x) < w0 ae.

PROOF OF COROLLARY (5.9). Let 1 < p < o0. By Theorem (5.1), (a) and (c) are
equivalent. It is easy to see that (a) implies (b). On the other hand, it follows from
(b) that

k
sup(k + 1) Y |f(T'x) < o0 aee. forevery f€ L?(wdp).
k>0 i=—k

Then

k
sup (r+k+1)7" Y |fI(T'x) < o0 ae.

r.k>=0 i=-r

for each f € L?(wdp). Now, we get (c) by Theorem (5.1).
If p =1 the proof is similar.
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(5.10) COROLLARY. Let (X, %,p) be a finite measure space and T an invertible
measure preserving transformation from X into itself. Let w: X — R be a positive and
measurable function. If 1 < p < oo, then the following are equivalent:

(a) The sequences {T,,f} and {T,.f} converge in LP(wdp) for every f €
LP(wdp).

(b) The sequence T, ,f(x)= 2k + 1)7'L¥__, f(T'x) is convergent in LP(wdp)
for every f € LP(wdp).

(c) w satisfies A\ (T, p).

Ifp = 1 andw € L\(dp), then (a)—(c) are also equivalent.

PROOF OF COROLLARY (5.10). Let 1 < p < oo. Statements (a) and (c) are equiva-
lent by Theorem (5.4). It is easy to see that (a) implies (b). Let us assume (b). Then
operators T, , are uniformly bounded in L?(wdu). Now (c) follows from Theorem
(2.26).

If p = 1 the proof is similar.

(5.11) Note. Corollary (5.10) is true even if p(X) = oo (it follows from VIIL5.4
and VIIL5.5 in [4]; the case p > 1 can be found in [7]). However, if p =1,
p(X)= oo and w & L'(dp) is false. In order to observe this, let X = Z, F the
power set of Z, p the counting measure, 7(i) = i + 1 and w(i) = 1. It is clear that w
satisfies A}(T,pn) and lim T, f(x) = im T, of(x) = lim T, , f(x) = O a.e. for every
f € LY(wdp). However, (a) and (b) do not hold in this example since

lim/X (Ty  f )wdp = lim/X (Tyof Wdp = limfx (T, of )wdy = /Xfwdy.

6. Higher dimensional results. Let (X, %, ) be a o-finite measure space and let g
be a positive measurable function. We shall consider a group {T": i€ Z"} of
invertible measure preserving transformations from X into itself. For each cube I in
Z" such that 0 € I we define the averages T# by

1if(3) = [ £ (][ £ a(rn)]

and the maximal operator M, associated to these averages (for n = 1 we are in the
setting of the previous sections). Then it is natural to ask the same questions as in
the case n = 1. For example, when is it true that M, is of weak type with respect to
the measures wdp and u dp? It is possible to prove almost all the results if g satisfies
a “doubling condition” over cubes in Z", i.e., if there exists a constant C > 0 such
that for every nonnegative integer k

Y g(Tx)<sC) g(Tix) ae.

ied, iel,
with I, = [0, k] X [0, k] X --- X[0, k] (n times), J, = [-k,2k] X - -+ X[-k,2k] (n
times) and [r, h] = {j € Z: r <j < h}. So, Theorem (2.26) holds where A, is the
following condition:

M (g'u)(x) < C(g7'w)(x) ae.forp=1,

sup T#(g™'u)(x)[TE(wg) 7 (x)] " < € aeforl <p < oo
k>0
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If the pair (u,w) satisfies the S, condition over cubes in Z”, then M, is of strong
type (p,p) (1 <p < o). We do not know if the converse is true for n > 1.
However the converse holds if we are in any of the following general cases:

(a) T"' is ergodic for every i # 0 such that the greatest common divisor of {i, # 0}
is equal to 1, where i = (i}, i,5,...,1i,).

(b) (X, #,p) is the product space of (X, #,p;), j=1,...,n, and Tix =
(Ty'xy,...,T)»x,) where i = (iy,...,i,), x =(x},...,x,) and T;: X, > X, is an
invertible transformation that preserves the measure p .

But in all the cases and always assuming that g satisfies a “doubling condition”
we get that strong and weak type ( p, p) (1 < p < o) are equivalent if u = w. The
keys of these results are transference arguments and an n-dimensional lemma that
plays the role of (2.10) which is obtained from (2.9).

FINAL REMARK. Using the ideas of [3] and assuming that g satisfies a “doubling
condition” it can be proved that a positive function w is in A4,(g, T, p) if and only if
there exist w, and w, satisfying A(g, T, p.) and such that w = g?~lwyw] =7 (the case
n =1 and g(x) =1 can be found in [7]). For n = 1, this factorization holds even if
g does not satisfy a “doubling condition”.
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